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Abstract
We show how classic conditional probability puzzles, such as the Monty Hall problem, are
intimately related to the hot hand selection bias (Miller and Sanjurjo 2015). We explain the
connection by way of the principle of restricted choice, an intuitive inferential rule from the card
game bridge, which we show is naturally quantified as the updating factor in the odds form of
Bayes Rule. We illustrate how, just as the experimental subject fails to use available information
to update correctly when choosing a door in the Monty Hall problem, we as researchers can
neglect analogous information when designing experiments, analyzing data, and interpreting
results.

JEL Classification Numbers: C11; C13; C18; C52; C9; D83.
Keywords: Hot Hand; Hot Hand Fallacy; Monty Hall Problem; Selection Bias; Principle of Restricted Choice; Bayes Rule; Contract Bridge; Berkson’s Paradox; Boy-or-Girl Paradox; Betrand’s
Box Paradox; Alternation Bias; Gambler’s Fallacy; Streak Reversal Paradox; Google Problem;
ESP; Psi; Precognition.

∗
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The data cannot speak for themselves; and they never have, in any real problem of
inference. (Jaynes 2003)
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Introduction

The Monty Hall problem is a simple probability puzzle that is well-known for its ability to confound
the intuitions of everyone from the layperson to the mathematically sophisticated. The most famous
version of the problem is as follows:
Suppose you’re on a game show, and you’re given the choice of three doors. Behind one
door is a car, behind the others, goats. You pick a door, say #1, and the host, who
knows what’s behind the doors, opens another door, say #3, which has a goat. He says
to you, “Do you want to pick door #2?” Is it to your advantage to switch your choice
of doors?1 (Vos Savant 1990)
While the intuitively appealing answer is that either choice leads to the same chances of winning
the car, this is wrong (under natural assumptions), as the contestant’s chances of winning the car
actually increase if she switches doors.2 People typically get this problem wrong. In particular,
a robust finding in laboratory experiments is that roughly 80-90 percent of subjects incorrectly
stay with the same door, rather than switch (see, e.g. Friedman [1998]).3 In addition, it is
well documented that myriad mathematically-inclined academics (including Paul Erdős) responded
incredulously to the original Monty Hall puzzle (Rosenhouse 2009; Vazsonyi 1999; Vos Savant
1990).4
The hot hand fallacy is a well-known cognitive illusion that refers to peoples’ tendency to believe
that success breeds success, even when it does not. In particular, in the seminal study of Gilovich,
1

This version of the problem is written by a reader of Vos Savant’s columns, Craig F. Whitaker. The problem (without
the goats) can be found previously in Selvin (1975) and Nalebuff (1987a), and is identical to the earlier Three Prisoners
problem, which was popularized by Gardner (1959).
2
The necessary assumptions are that: (1) Monty always reveals a goat, and (2) if the car is behind the contestant’s
door, then each goat has a non-zero probability of being revealed by Monty.
3
Simple math puzzles of this sort have been noted for their importance in stimulating research ideas, and illustrating
principles from microeconomic theory (Fehr and Tyran 2005; Friedman 1998; Kluger and Wyatt 2004; Nalebuff 1987b)
The Monty Hall problem, in particular, has been studied extensively: see e.g. Bar-Hillel and Falk (1982); Chen and
Wang (2010); Fox and Levav (2004); Kluger and Friedman (2010); Page (1998); Palacios-Huerta (2003); Selvin (1975);
Slembeck and Tyran (2004); Tor and Bazerman (2003); Tubau, Aguilar-Lleyda, and Johnson (2015).
4
The prominent 20th century mathematician Paul Erdős resisted the correct solution until he reluctantly accepted
when it was demonstrated to him via computer simulation (Vazsonyi 1999).
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Vallone, and Tversky (1985) the authors found that basketball players shoot no better after having
just made several shots in a row, despite a near unanimous belief reported by players, coaches,
and fans that players shoot better in these situations. Further, when confronted with the scientific
evidence against their beliefs, practitioners (players and coaches) were left unpersuaded, leading the
hot hand to become known as a “massive and widespread cognitive illusion” (Kahneman 2011).5
In order to estimate a player’s probability of making a shot conditional on having made several
in a row Gilovich et al. (1985) and subsequent studies: (1) selected only the shot attempts that
immediately follow several (e.g. three) made shots, and then (2) calculated the player’s shooting
percentage on these shots. While, intuition suggests that this would yield an unbiased estimate
of the player’s probability of success on these shots, it has recently been shown that this intuition
is wrong (Miller and Sanjurjo 2015). The reason why is that the procedure biases the researcher
towards over-selecting missed shots, which leads to an underestimate of the player’s probability of
success on these shots. In fact, this bias is large enough to invalidate, and reverse, the results of
the original hot hand fallacy study, as well as its replications (Miller and Sanjurjo 2015).
While on the surface it does not appear that there is any connection between why people have
difficulty understanding the Monty Hall problem and why researchers have overlooked the bias in
common measures of the hot hand for the past three three decades, we show that the two are in fact
intimately related. The first step to draw out the connection is to recognize that both environments
involve a procedure that selects an observation for analysis based on information that relates to
the outcomes of other observations in the same dataset. In particular, just as Monty offers the
contestant to switch to door #2, knowing that a goat is behind the door he just opened (#3), the
hot hand researcher selects shot 42 from a sequence of basketball shots, knowing that “make” was
the outcome of shots 39 through 41. The final step to bridge the two environments is to use an
intuitive tool that determines exactly what information is revealed by each selection procedure.
The tool that we use is called the principle of restricted choice. It is an intuitive inferential rule
5

The hot hand fallacy has been given considerable weight as a candidate explanation for various puzzles and behavioral
anomalies identified in the domains of financial markets, sports wagering, casino gambling, and lotteries. See, e.g.
Arkes (2011); Avery and Chevalier (1999); Barberis and Thaler (2003); Brown and Sauer (1993); Camerer (1989);
Croson and Sundali (2005); De Bondt (1993); De Long, Shleifer, Summers, and Waldmann (1991); Durham, Hertzel,
and Martin (2005); Galbo-Jørgensen, Suetens, and Tyran (2016); Guryan and Kearney (2008); Kahneman and Riepe
(1998); Lee and Smith (2002); Loh and Warachka (2012); Malkiel (2011); Narayanan and Manchanda (2012); Paul
and Weinbach (2005); Rabin and Vayanos (2010); Sinkey and Logan (2013); Smith, Levere, and Kurtzman (2009);
Sundali and Croson (2006); Xu and Harvey (2014); Yuan, Sun, and Siu (2014)
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from the card game of contract bridge that makes clear the information revealed by the optimizing
behavior of a constrained opponent (Reese 1960, chap. 3 p. 26). In Section 2 we first illustrate
the principle with a simple example of (stochastic) choice from a menu, and then show that it is
naturally quantified as the updating factor from the odds formulation of Bayes’ rule.
In order to illustrate the simplicity, utility, and generality of thinking in terms of restricted
choice, in Section 3 we apply it to solve a number of classic probability paradoxes, including
the Monty Hall problem.6 This exercise makes clear that restricted choice renders intuitive the
typically difficult counterfactual (and hypothetical) reasoning that is inherent in Bayesian updating.
By contrast, we show that some intuitive heuristic approaches used by others, which provide an
arguably simpler path to the correct solution in one problem or another, can lead to mistakes
because they do not readily generalize across problems.
In Section 4 we introduce a progression of novel coin flip probability puzzles that culminate in
the Streak Reversal Paradox, which is a recasting of the hot hand selection bias. We first show that
the simplest of the coin flip puzzles is essentially equivalent to the Monty Hall problem; Monty
selecting a door with a goat and asking the contestant to think about the odds of a car being
behind another door is just like the researcher selecting a heads from the record of a sequence of
coin flips and asking for the odds of a tails on another flip. On the other hand, in the Streak
Reversal Paradox the researcher now selects k consecutive heads and asks for the odds of a tails on
the next (right adjacent) flip.
The explicit connection between the hot hand selection bias, when posed as a coin flip paradox,
and the Monty Hall problem, suggests that familiarity with restricted choice thinking could have
helped researchers realize (and avoid) the types of counter-intuitive mistakes that can arise when
particular observations are selected for analysis on the basis of the outcomes of other observations
within the same dataset. As such, in Section 5, aside from the hot hand fallacy application, we
consider a few other empirical examples in which restricted choice thinking can help researchers
avoid making similar mistakes.7 The first is in Schelling (1971), a well-known study of segregation.
The second pertains to studies that are subject to the well-known Berkson’s bias. Lastly, we provide
6

Reese (1960, p. 29) illustrates the principle of restricted choice with a problem that is nearly identical to the Monty
Hall problem. Gillman (1992) appears to be the first to use the principle to explain the intuition behind the Monty
Hall problem.
7
For a prominent example of the empirical implications of the Monty Hall problem, see Chen (2008), which we discuss
in Appendix B.
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a hypothetical example of ESP research gone wrong, which illustrates some further pitfalls that we
as researchers can avoid by using restricted choice thinking.

2

The Principle of Restricted Choice
“Since East could have played either card indifferently from K-Q, the fact that he has
played one affords an indication that he does not hold the other” (Reese 1960)
The principle of restricted choice was introduced in the context of the card game contract

bridge, in order to illustrate the information that is revealed by the actions of an agent with a
known decision rule (Reese 1960, chap. 3 p. 26).8 However, because the rules of contract bridge
are complex, and not necessary to understand the principle, we illustrate it in the following simpler
setting.9
Suppose that we work in a restaurant, and know that Ann and Bob are equally likely to come
in and order something from the menu. In addition, we know that Ann is indifferent between all
100 alternatives on the menu, so orders one of them at random (uniformly). On the other hand,
Bob strictly prefers the hamburger, so will order it for sure. Now, suppose that we receive an order
for a hamburger. Who is more likely to be the customer: Ann or Bob?
One incorrect intuition is to conclude that we have learned nothing from the hamburger order
because it does not rule out either Ann or Bob. The glaring omission in this reasoning, of course,
is that it does not take into account how Ann and Bob choose items from the menu.
By contrast, once we take into account Ann and Bob’s respective choice rules, our intuition
immediately tells us the correct answer: because ordering a hamburger is more consistent with Bob
than Ann, the customer is now more likely to be Bob. This is the principle of restricted choice; Bob
is more restricted to choose hamburger than Ann because while Ann may order the hamburger,
Bob must. As a result, once we find out that a customer ordered hamburger the odds that the
customer is Bob, rather than Ann, increase.
8

Reese (1960, chap. 3 p. 26) credits Alan Truscott, who wrote the daily bridge column for the New York Times from
1964 to 2005, for introducing restricted choice to the bridge community in the 1950s. Prior to that Borel and Chéron
(1940) use the concept, at least implicitly, by applying Bayes’ rule to calculate probabilities in bridge problems.
9
The professional bridge player Chris Willenken is quoted: “It takes at least 12 hours of study before you should even
sit down at a table,” (http://www.newsweek.com/bridge-world-rocked-top-players-busted-377135).
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2.1

Formal Definition

The principle of restricted choice is an informal intuition for why beliefs should shift in a particular
direction upon the arrival of new information. The intuition illustrates the essential qualitative
feature of Bayesian updating, i.e. the re-scaling of the prior odds by the likelihood ratio.
To see the connection, let A (e.g. “Ann”) and B (e.g. “Bob”) represent two hypothetical
models that could have determined (i.e. “chosen”) the observed outcome c. Further, let the prior
odds in favor of model B having determined the observed outcome (relative to A), be defined as
O(B, A) := P(B)/P(A). The task is, upon observing an outcome c, to infer the (posterior) odds in
favor of model B (relative to A), which are given by O(B, A|c) := P(B|c)/P(A|c). Bayes’ Rule then
defines the relationship between prior and posterior odds:10
O(B, A|c) = RB:A (c) × O(B, A)
where RB:A (c) := P(c|B)/P(c|A) is the likelihood ratio, or Bayes factor.
We interpret the likelihood ratio RB:A (c) ∈ [0, ∞) as the relative degree to which model B
(as compared to A) is restricted to “choose” c. In this sense, we have quantified the principle of
restricted choice. For example, if RB:A (c) > 1 then model B is relatively more restricted to choose
c. Thus, in accordance with Bayes’ rule, the principle of restricted choice tells us that the posterior
odds in favor of B must be greater than the prior odds, and RB:A (c) tells us precisely by how much.
To illustrate using the example given above, while either Ann or Bob could have ordered the
hamburger, the knowledge that Bob is 100 times more restricted to choose the hamburger than
Ann—i.e. RB:A (hamburger) = 100 > 1—allows us to conclude that the odds in favor of the
customer being Bob must increase by a factor of 100. Therefore, because we know that the prior
odds in favor of Bob (relative to Ann) are 1:1, i.e. O(B, A) = 1, then the posterior odds must be
100:1. Thus, because for every 100 chances in favor of Bob there is 1 chance in favor of Ann, the
probability of Bob being the customer is P(B|hamburger) = 100/101.
Finally, the principle of restricted choice highlights the advantages of representing uncertainty
with odds, rather than probabilities: (1) it is simpler because it involves the binary comparison
of just two candidate models at a time, (2) it is easier for computation because it involves a
10

This holds when P(c|A) > 0.
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less complex updating factor, and (3) it makes the restricted choice intuition more salient. See
Appendix A for a more complete discussion. In the following section we illustrate how easy it is to
apply restricted choice reasoning when uncertainty is represented by odds.

3

Restricted choice in classic conditional probability “paradoxes”

We show how the simplicity and intuition of restricted choice reasoning extends to three related
classic conditional probability puzzles that tend to confound the intuitions of laypersons and experts
alike: the Monty Hall problem, two versions of the Boy-or-Girl Paradox, and their progenitor:
Bertrand’s Box Paradox (Gorroochurn 2012; Rosenhouse 2009).
Problem 1 (Bertrand’s Box Paradox) Three boxes are identical in external appearance. The
first box contains two gold coins, the second two silver coins, and the third one gold coin and one
silver coin. You choose a box at random, and draw a coin. Suppose that you draw a gold coin. What
is the probability that the other coin is also a gold? (Bertrand [1889]; adapted from Rosenhouse
[2009])
Given that a gold coin was drawn, it is impossible that the all silver box was chosen. Thus, two
possible boxes remain: the all gold, and the mixed. Given this, it becomes intuitively appealing
to conclude that the probability that the other coin is gold is 1/2. However, what this reasoning misses is that when a draw occurs from the all gold box one is more restricted to “choose”
(draw) a gold coin, because with the gold box one must draw a gold coin, whereas with the
mixed box one can draw either a gold or silver coin. From this it immediately follows that one
is twice as restricted to choose the gold coin from the all gold box relative to the mixed box; i.e.
R = P(gold coin|gold box)/P(gold coin|mixed box) = 1/(1/2) = 2. Therefore, by the principle of
restricted choice, the updated odds in favor of the draw having come from the all gold box are 2:1,
double the prior odds of 1:1; i.e.
O(gold box, mixed box | gold coin) = 2 × O(gold box, mixed box) = 2
Thus, given that there are only two boxes from which the draw could have been made, the probability that it was made from the all gold box is 2/3. As a result, the probability that the other
7

coin is also a gold is not equal to 1/2, but 2/3.
Next we consider the Boy-or-Girl paradox (as presented in Problem 1 of Bar-Hillel and Falk
[1982]).11
Problem 2 (Boy-or-Girl Paradox) Mr. Smith is a father of two. We meet him walking along
the street with a young boy whom he proudly introduces as his son. What is the probability that
Mr. Smith’s other child is also a boy? (Gardner [1961]; Bar-Hillel and Falk [1982])
The intuitive answer to this problem is 1/2, and under usual assumptions, this is correct. To
illustrate, let us assume that Mr. Smith simply chooses his walking companion at random from
among his two children (without discriminating). With this, the problem becomes close to the
Bertrand’s Box Paradox: Mr. Smith’s children are drawn, without-replacement, from either an
all-boy “box,” an all-girl box, or a mixed-gender box. The key difference, however, is that now the
two types of boxes are not all equally likely. In particular, the equivalent of the mixed box—one
boy and one girl—has 2:1 prior odds in its favor, relative to any single gender box. This is due to
there being two birth order possibilities in the mixed-gender box (Boy-girl and Girl-boy).12 Indeed,
as in Bertrand’s Box Paradox, learning that the randomly chosen walking companion is a boy
makes the posterior odds in favor of both children being boys (relative to mixed gender) double
the prior odds. The reason why is that the choice of a boy is twice as restricted in the all boys
case. Thus, because the prior odds were 1:2 “in favor” of all boys (relative to mixed gender), i.e.
O(all boys, mixed) = 1/2, the posterior odds are 1:1 in favor of two boys. Finally, because there
remain only two possible compositions of children—all boys, or mixed gender—the probability that
Mr. Smith has all boys is 1/2. As a result, the probability that his other child is a boy is 1/2.13
11

The original version appears in Gardner (1961), see Footnote 13 for further discussion.
The use of birth order as a unique identifying label is not strictly necessary (and is not possible if the children are
twins). Instead one may use any label that is independent of Mr. Smith’s choice rule.
13
The most common version of the Boy-or-Girl Paradox is as follows: “Mr. Smith says: ‘I have two children and at least
one of them is a boy.’ Given this information, what is the probability that the other child is a boy?” (Fox and Levav
2004). If one assumes that Mr. Smith would say nothing (or its equivalent) in the case that he were to have two girls,
then in this version of the problem Mr. Smith is equally restricted to report boy in the cases of Boy-girl, Girl-boy, and
Boy-boy, so prior and posterior odds are identical. As a result, the correct probabilities can be computed simply by a
careful enumeration of the sample space, and elimination of the impossible Girl-girl combination. Therefore, failure
to see the correct answer in this version of the Boy-or-Girl Paradox can arise not because of a failure to incorporate
the subtleties of Bayesian reasoning, but simply by a failure to appreciate the subtleties of the sample space. The
classic example of this type of mistake is Leibniz’s Error, i.e. believing that 11 and 12 are equally probable when
rolling a pair of fair dice because there is just one way for each sum to be partitioned into two numbers less than (or
equal to) 6 (Gorroochurn 2012).
12
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We now consider another version of the Boy-or-Girl Paradox (presented as Problem 2 in BarHillel and Falk [1982]).14
Problem 3 (Younger Boy-or-Girl Paradox) Mr. Smith is a father of two. We meet him walking along the street with a young boy whom he proudly introduces as his eldest child. What is the
probability that Mr. Smith’s younger child is also a boy? (Bar-Hillel and Falk 1982).
Because the younger child must be either a boy or a girl, the intuitively appealing response
to this question is, again, 1/2. This response happens to be correct if we assume that Mr. Smith
chooses his walking companion at random, from among his two children, regardless of gender, as
in Problem 2.
Nevertheless, while gender-neutrality may be natural to assume in one society, it may not be
universal. Thus, another possibility is that Mr. Smith has the unfortunate attitude of only being
willing to walk with a son. Assume that this is so, but that his discriminatory practices end there;
that is, if he has two boys, then he is indifferent between walking companions, so chooses one of
them at random. Under these assumptions, observing the gender of Mr. Smith’s walking companion
yields redundant information. That is, if we had merely observed Mr. Smith walking with a child,
without any further information, we would already know that the child must be a boy, and that
the possible birth order combinations are thus Boy-girl, Girl-boy, and Boy-boy.15
However, in the current problem we additionally discover that Mr. Smith’s walking companion
is his eldest child, which eliminates the possibility of Boy-girl, reducing the possibilities to Girl-boy
and Boy-boy. With this, the intuitive response is again 1/2, but now this response is wrong. This
is because the associated reasoning fails to take into account that the degree of restrictedness in
Mr. Smith’s choice now varies across each of these hypothetical birth orders. In particular, if the
younger child is a girl (Girl-boy), then Mr. Smith’s choice of walking partner will be the older boy,
for sure. On the other hand, when the younger child is also a boy (Boy-boy), then Mr. Smith is
equally likely to choose each boy. This means that when the younger child is a girl, Mr. Smith’s
choice is twice as restricted. Therefore, the posterior (relative) odds in favor of Girl-boy are double
the prior odds of 1:1. Thus, the probability of Girl-boy is 2/3. As a result, the probability of
14
15

We adapt the language slightly, but the problem is equivalent.
See Footnote 13 for a discussion of this case, in which we learn that “at least one is a boy.”
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Boy-boy is 1/3, i.e. there is a one-third chance that the younger child is a boy.16
We now consider the well-known Monty Hall problem, which is essentially identical to the
version of the Younger Boy-or-Girl Paradox just discussed, in which Mr. Smith is only willing to
walk with sons. With respect to the original statement of the problem in Vos Savant (1990), we
change the door numbers (without loss of generality) in order to facilitate comparison with the coin
flip problems presented in Section 4.
Problem 4 (Monty Hall problem) Suppose you’re on a game show, and you’re given the choice
of three doors: Behind one door is a car; behind the others, goats. You pick a door, say number
3, and the host (Monty Hall), who knows what’s behind the doors, opens another door, say number
1, which has a goat. He then says to you, “Do you want to pick door number 2?” Is it to your
advantage to switch your choice? (Selvin [1975]; adapted from Vos Savant [1990])
As with the Boy-or-Girl Paradox, the correct answer depends on conditions that have not yet
been specified. One possibility is that Monty, the host, follows a rule by which he must always
reveal a goat from behind one of the two doors that the contestant does not choose. Further, in
the case that Monty has two goats to choose from, he chooses a door (uniformly) at random.
Under these conditions, because one goat and one car will always remain covered once Monty
reveals a goat, an intuitively appealing conclusion is that the odds in favor of the car being behind
door number 2 are 1:1 (relative to door number 3), meaning that the contestant should be indifferent
about switching.
Nevertheless, as in the previous problems, there is an error in this simple reasoning. To see
why, notice first that before Monty opens door number 1, the contents behind doors number 1
and 2, respectively, are one of the following, each with equal probability: Car-goat, Goat-car, or
Goat-goat. However, once Monty reveals a goat behind door number 1, the remaining possible
arrangements become Goat-car and Goat-goat. Now, because Monty must open the first door in
the case of Goat-car, whereas he only opens it half of the time in the case of Goat-goat, he is twice
as restricted to open it in the case of Goat-car. Therefore, given that the prior (relative) odds in
favor of Goat-car were 1:1, the posterior odds must double, i.e. the odds in favor of the car being
16

More formally, let Be be the event that the elder child is a boy, and By be the event that the younger child is a boy.
Further, let Gy Be be the conjunction event Gy ∩ Be . Finally, the restrictedness of Gy Be , for the choice of Be , is given
by R = P(Be |Gy Be )/P(Be |By Be ) = 1/(1/2) = 2. Therefore, by the principle of restricted choice, the posterior odds
are O(Gy Be , By Be |Be ) = 2 × O(Gy Be , By Be ) = 2.
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behind door number 2 are now 2:1 (relative to door number 3). As a result, it is in the contestant’s
interests to switch doors, as the probability of winning the car by doing so is 2/3.17

3.1

Restricted choice as a Simple, Intuitive, and Unified Approach to Solving
the Classic Conditional Probability “Paradoxes”

In addition to being simple and effective for solving particular problems, the fact that restricted
choice uses Bayesian reasoning to account for each problem’s selection procedure makes it completely general. By contrast, intuitive heuristic approaches to solving these problems are ad-hoc,
so do not readily generalize across problems, as we will now discuss.
A common explanation for the Monty Hall problem—which is the highest voted answer on the
question-and-answer website math.stackexchange.com (Becker 2017)—involves framing the problem
from the ex ante perspective, i.e. before Monty opens the door (see e.g. Krauss and Wang [2003]).
In this case, it is clear that if the contestant commits to switching, then he will get the best of the
other 2 doors, so will win the car 2/3 of the time, i.e. if the contents of the first two doors are
Goat-car or Car-goat then switching (from door 3) yields the car, and if the contents are Goat-goat
then switching yields a goat. Indeed, people in experiments have greater success in versions of the
problem that encourage this type of ex ante reasoning (Krauss and Wang 2003).18 While intuitively
appealing, this solution is ad-hoc, so does not readily generalize to other problems. For one, it is
not straightforward how to apply it to, e.g., Problems 1-3 presented above. More substantively,
because the ex ante reasoning ignores: (i) which door Monty actually opens, and (ii) Monty’s rule
for choosing which door to open when the contents of the first two doors is Goat-goat, it cannot
possibly provide (unless by coincidence) the conditional probability of interest, i.e. the probability
of winning the car by switching, conditional on Monty having opened the first door (according to
17

Alternatively, one can slightly change Monty’s selection rule to make the problem essentially identical to the Boy or
Girl problem (problem 2): Monty selects one of the two doors that the contestant did not choose, at random, and
opens it, regardless of whether it covers the goat or car, and he happens to reveal a goat. This version is known as
“Ignorant Monty” (Granberg and Brown 1995; Rosenthal 2008).
18
In Krauss and Wang (2003) the “less-is-more” manipulation (“1D”), which underlies all further manipulations that
increase correct responses, involves an ex ante framing of the problem, which facilitates reasoning in terms of natural
frequencies.
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his rule).19,20,21
In a well-known article on conditional probability brain teasers Bar-Hillel and Falk (1982, pp.
116–117) provide an intuitive sample space explanation of the Boy-or-Girl Paradox (Problem 2)
as an alternative to their Bayes’ rule calculations. In particular, they argue that the birth order label given to each child is irrelevant, and that sibling pairs in the sample space can be
labeled by the gender of the child that we meet (m) and the child that is at home (h), i.e.
{Bm Bh , Bm Gh , Gm Bh , Gm Gh }. While this approach happens to give the correct answer to Problem 2 because Mr. Smith chooses his walking companion at random (uniformly) from among the
two children—i.e. independent of any exogenous identifying label—it does not extend to settings
such as that of Problem 3, in which Mr. Smith’s choice is not equally restricted across possible
sibling pairs. Instead, his choice there among the two children depends on their gender labels,
which consequently renders the meet/home labels endogenous.22
Lastly, there is a well-known way of modifying the Monty Hall problem in order to make more
salient that the odds change when Monty opens a door to reveal a goat. In particular, in the Parade
magazine article in which she first discussed the Monty Hall problem, Vos Savant (1990) states:
Here’s a good way to visualize what happened. Suppose there are a million doors, and
you pick door #1. Then the host, who knows what’s behind the doors and will always
avoid the one with the prize, opens them all except door #777,777. You’d switch to
that door pretty fast, wouldn’t you?
Vos Savant’s modification effectively conveys the restricted choice intuition in a way that helps make
19

The ex ante approach yields the incorrect probability of winning the car by switching in any version of the Monty
Hall problem in which Monty does not happen to deal with the case of Goat-Goat by choosing each of the doors with
precisely the same probability. To illustrate, if the probability with which Monty opens the first door (rather than
the second) is instead p 6= .5, then Monty is 1/p 6= 2 times as restricted to open door 1 in the case of Goat-car as in
the case of Goat-goat, which results in posterior odds of 1/p : 1 in favor of Goat-car. Further, in contrast with what
the ex ante reasoning suggests, in the case of p = 1 it is not even advantageous for the contestant to switch.
20
For another example in which the requested conditional probability can easily change based on minor alterations
in the decision rule of the host, which the ex ante approach cannot take into account, see the coin-flip Monty Hall
problem that we introduce in Problem 5 of Section 4, along with the ensuing discussion.
21
While the ex ante approach leads to incorrect conditional probabilities, it is possible to use a natural frequency
intuition to arrive at the correct conditional probabilities for the Monty Hall problem. This can be done by adapting
the natural sampling approach that Gigerenzer and Hoffrage (1995) use for Bayesian updating.
22
While Bar-Hillel and Falk (1982) do consider alternative background assumptions for Problem 2, in which Mr. Smith
selects a male walking companion whenever possible, they do not mention that the argument for the birth order label
being irrelevant is not valid in settings such as Problem 3, in which the birth order is revealed.
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the correct answer—to switch doors—more transparent.23,24 Indeed, when experimental subjects
face a modified Monty Hall problem of this type (a 100 door version) they correctly decide to switch
doors at a much higher rate (approx. 85%) than when facing the standard version of the problem
(approx. 15%) (Page 1998). However, while distorting the odds gives subjects a better sense of
the direction in which the odds have shifted, which is sufficient to improve the rate of correct
responses in the Monty Hall problem, it is incomplete in the sense that it does not indicate how
to compute the posterior odds.25 This is important because in real-world decisions an informed
agent will typically not only wish to decide whether to switch or not, but also ascertain the value
of switching. The many-doors intuition provides no guidance for how to do this. Further, as
a general approach to solving conditional probability problems, not only does the many-doors
approach increase the complexity without providing the requested probability, but in order for it
to deliver the correct intuition it requires one to already understand how restricted choice operates
in a particular problem.26

4

Restricted choice in novel coin flip puzzles
“The player’s performance, then, can be compared to a sequence of hits and misses
generated by tossing a coin.” (Gilovich et al. 1985)
First we break the simplest version of the hot hand selection bias of Miller and Sanjurjo (2015)

into two probability puzzles (Next Flip Paradox, Alternation Paradox ), which allows us to illustrate
its tight relationship with the classic conditional probability puzzles discussed in Section 3. Then,
we recast the more general version of the selection bias as a statistical puzzle (Streak Reversal
23

Note that in order for #777,777 to be strictly preferred among the two remaining doors we must assume that when
the car is behind door #1, Monty places a non-zero probability on opening a door other than door #777,777.
24
In particular, because Monty must leave door #777,777 closed when the car is behind it, whereas he has a 1/999,999
probability of leaving it closed when the car is behind door #1, he is 999,999 times more restricted to leave door
#777,777 closed when the car is behind door #777,777 (vs. door #1). Therefore because the prior odds between the
two doors are 1:1, the posterior odds become 999,999:1 in favor of door #777,777.
25
Further, facing the 100 door version of the problem seems to cause only a marginal improvement in peoples’ understanding of the problem, as when experimental subjects then go back to the standard version they proceed to make
the wrong choice at rates similar to subjects that never faced the 100 door version (Page 1998).
26
For example, it may not be straightforward to individuals how to apply the one-million-doors modification to the
Boy-or-girl problems (Problems 2 and 3) or Bertrand’s box paradox (Problem 1). In particular, in the Boy-or-girl
problems the analogous modification is for Mr. Smith to walk with all but one of his 999,999 children, and to meet
him walking with only boys. In Bertrand’s box paradox there would be 999,999 coins in each box, 999,998 coins
would be drawn, and they would all need to be gold.
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Paradox ), which we use in Section 5 to illustrate some empirical applications.
The following problem, which we call the Next Flip Paradox, is the basic building block for its
successor: the Alternation Paradox, which is the simplest version of the hot hand selection bias
(Miller and Sanjurjo 2015).
Problem 5 (Next Flip Paradox) Jack flips a coin three times, then tells you that the first flip
is a heads. What is the probability that the second flip is also a heads?
As in the problems presented in Section 2, the answer depends on conditions that have not yet
been specified. In particular, if Jack had decided to select which of the first two flip outcomes to
reveal at random, or had simply planned on always revealing the outcome of the first flip, then the
correct answer is 1/2. This is precisely as in the Boy-or-Girl Paradox discussed in Section 2, in
which Mr. Smith chooses a child at random, regardless of the gender (Problem 2). On the other
hand, if Jack had instead only been interested in the respondent’s beliefs about the probability that
a heads follows a heads, so decided to select one of the first two flip outcomes at random based on
the criteria that it be a heads, then the answer changes.27
The Next Flip Paradox is nearly identical to the standard Monty Hall problem. In particular,
just as Monty looks behind each door before opening one, which in turn reveals information regarding the location of the car, Jack looks at the outcome of each flip before selecting one, which in
turn reveals information about the location of heads. To see this, let Jack now be the game show
host instead of Monty, with the game proceeding as follows: (1) Jacks flips three coins, leaving each
behind a separate door, (2) he asks the contestant to choose one of the three doors, informing her
that she will receive a prize if the door she chooses conceals a tails flip, (3) once the contestant has
chosen one of the doors (flips) Jack opens one of the other two doors at random, according to the
criteria that he must reveal a heads flip (in the case of two tails flips he cannot open either door),
and finally (4) he offers the contestant the opportunity to switch. As in Problem 4, we assume
(without loss of generality) that the contestant’s initial choice is the third door, and that Jack
opens the first door, revealing the first flip to be a heads. In this case, the first two flip outcomes
must be either Heads-tails or Heads-heads. Then, by the same restricted choice reasoning as in the
Monty Hall problem, Jack is twice as restricted to open the first door in the case of Heads-tails, as
27

In this case, Jack of course would not have asked the question if the first two flips had come up tails.
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in the case of Heads-heads. As a result, the probability that the second flip is a heads is 1/3.28
While it is true that the contestant can extract information about the second flip from the
knowledge that the first flip is a heads, this does not imply that coins have memory. Instead,
the contestant exploits the fact that Jack has inspected the outcome of the first two flips before
choosing, which means that Jack’s choice (probabilistically) reflects his knowledge. More subtly,
this also implies that time’s arrow is irrelevant, i.e. if Jack were to instead reveal that the second flip
were a heads, then the probability of heads on the previous (first) flip would similarly be 1/3.29,30
This leads to the second version of the problem, The Alternation Paradox, which brings us one
step closer to illustrating the hot hand selection bias, and happens to be the exact probabilistic
representation of the simple 3-flip example of the bias given in Table 1 of Miller and Sanjurjo
(2015).31
Problem 6 (Alternation Paradox) Jack will flip a coin three times, then select a flip that is
immediately preceded by a heads, at random. Assuming that Jack has a flip to select, what is the
probability that the selected flip is a heads?
In order for Jack to select a flip, he must inspect the outcomes of the first two flips. Given
that at least one of the two has come up heads, it is clearly impossible that the sequence could
have started with TT. Let H

be the event that Jack selects the second flip, which is preceded by

a heads on the first flip, and H be the event that Jack selects the third flip, which is preceded
by a heads on the second flip. Conditional on Jack having chosen a flip, these events are equally
likely.32 Now, in the case that Jack selects the second flip the probability of heads is simply the
28

A slight modification makes the Next Flip Paradox identical to the Younger Boy-or-Girl Paradox from Section 2:
Jack flips the coin twice, then chooses one of the heads flips at random (final flip included), and tells you that it is
the first flip.
29
Problem 5 is similar to Galton (1894)’s Three Coin Puzzle, which, while traditionally a sampling problem (Gorroochurn 2012), can be re-cast as a conditional probability puzzle. In particular, suppose that a researcher tosses
3 coins, then picks out two of the coins that match, and reports that the first two coins are heads. This raises the
question: what is the probability that the third coin is a tails? The answer is, under natural assumptions, that the
researcher is three times as restricted to choose the first two flips in the case of HHT than in the case of HHH. As a
result, the probability of tails is 3/4.
30
The probability that the third flip is heads does not depend on which flip Jack reveals because its outcome cannot
restrict his choice among the first two flips.
31
Table 1 of Miller and Sanjurjo (2015) demonstrates that the expected value of the natural (maximum likelihood)
estimator for the probability of heads given heads—the proportion of heads on flips immediately preceded by heads—is
5/12.
32
If the sequence begins with HT then Jack will choose the first flip, if the sequence begins with TH then Jack will
chose the second flip, and if the sequence begins with HH then Jack will choose each flip with equal chance.
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solution to the Next Flip Paradox, i.e. P(HH |H ) = 1/3. On the other hand, if Jack selects the
third flip then P( HH| H ) = P( H) = 1/2, as the outcome of the last flip cannot restrict Jack’s
choice of which immediate heads successor to select. Then it immediately follows that:
P(heads | flip preceded by a heads) = P(HH |H ) × P(H ) + P( HH| H ) × P( H )
1 1 1 1
× + ×
3 2 2 2
5
=
12
=

The next problem extends the Alternation Paradox to 100 flips, and streaks of length 3. It
illustrates the hot hand selection bias found in Miller and Sanjurjo (2015).
Problem 7 (Streak Reversal Paradox) Jack, now a researcher, observes the outcome of 100
flips of a fair coin. He collects all of the flips that are immediately preceded by 3 consecutive heads,
and calculates the proportion of heads, p̂(H|3H), on these flips. He expects this proportion to be
0.5. Is he correct?
While Jack’s expectation is intuitively appealing, it turns out to be incorrect. To see why,
notice that a flip is representative of those collected from a particular sequence if it is chosen at
random from all of the flips in the sequence that are immediately preceded by 3 consecutive heads.
The probability that one of these randomly chosen flips is a heads equals the proportion of heads
among the collected flips, i.e. the empirical probability. It follows by the law of total probability
that, prior to flipping, the probability of heads on a flip that will be chosen at random from all of
the flips in a sequence that are immediately preceded by three consecutive heads is equal to the
expected value of the proportion across all possible sequences.33 This expected value happens to
be equal to .46 (see Miller and Sanjurjo [2015] for the formula). As a result, the corresponding
probability of heads for the randomly selected flip is not .50, but .46.
Just as the principle of restricted choice provided intuition for the answer to the Next Flip
Paradox, it can do the same for the Streak Reversal Paradox. To see how, begin by imagining
that Jack selects a flip at random, from among all of those that are immediately preceded by three
consecutive heads. Now, if he were to select, say, flip number 42, then intuition would lead us to
33

Possible sequences are those that allow the proportion to be well-defined, i.e. those that contain at least one flip that
is immediately preceded by three (or more) consecutive heads.
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expect the odds of heads to be 1:1. In fact, this intuition would be correct if Jack were to have
selected the flip before having examined the sequence. However, because Jack instead examined
the sequence first, then selected flip 42 by virtue of it being among those flips that are immediately
preceded by three consecutive heads, this intuition is incorrect.
Given how flip 42 was selected, we can now use restricted choice to explain why the selection
procedure makes flip 42 more likely to be a tails. In particular, first observe that if flip 42 were a
heads, then flips 39-42 would be HHHH, meaning that flip 43 would also immediately follow (at
least) three consecutive heads. Thus, in this case Jack could have selected flip 43 instead of flip 42.
On the other hand, if flip 42 were instead a tails, then flips 39-42 would be HHHT, meaning that
Jack would be restricted from selecting flip 43 (or 44, or 45). This implies that if flip 42 were a
tails rather than a heads then Jack would be relatively more likely to select flip 42, as there would
be fewer eligible flips (on average) in the sequence from which to select. Thus, the fact that Jack
is more restricted to select flip 42 in the case that it is a tails makes the likelihood that the flip he
selected was a tails greater than the unconditional probability of flipping a tails.34

5

Empirical applications

We provide four empirical examples of how understanding restricted choice thinking can sometimes
help us as researchers to avoid making critical mistakes in our design of experiments, analysis of
data, and interpretation of results.35

5.1

Hot hand fallacy
“The hot-hand and streak shooting concern the probability (P) that a player will hit the
next shot given his previous hits and misses” (Tversky and Gilovich 1989)

Given that we have shown in Section 4 that the principle of restricted choice can be used to
illustrate the selection bias present in the coin flip puzzles, it is now straightforward to demonstrate
its connection with the critical mistake made in the seminal study of the hand fallacy by Gilovich,
34

This reasoning holds for any flip the Jack may select, unless it happens to be the final flip of the sequence, in which
case the posterior odds of a heads vs. tails on the selected flip are the same as the prior odds. The reason why is
that the outcome of the final flip does not influence the number of flips that are eligible for selection.
35
For a prominent example of the empirical implications of the Monty Hall problem, see Appendix B
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Vallone, and Tversky (1985; “GVT”), and others that followed. GVT conduct a controlled shooting
experiment in which collegiate basketball players attempt 100 shots, from locations on the court at
which they are expected to make half of them. Under this design target basketball shot outcomes
are like those of a coin (i.e. generated by an i.i.d. Bernoulli process), so the authors make precisely
the same intuitively appealing assumption as the researcher in the Streak Reversal Paradox. In
particular, GVT conduct a two-sample test of proportions (paired t-test) for each player, in which
the first sample consists of the player’s shots that are immediately preceded by three consecutive
makes (i.e. a streak of successes), and the second sample consists of the player’s shots that are
immediately preceded by three consecutive misses (i.e. a streak of failures). GVT’s null hypothesis
is that the expected proportion of makes should be the same in each sample of shots.
Given the solutions to the coin flip problems discussed above, it immediately follows that
GVT’s intuitive assumption is incorrect, and leads to a biased test. In particular, there is a
severe downward bias in their estimate of the probability that a “make” will immediately follow
three consecutive makes, and an equal and opposite bias in their estimate of the probability that
a make will immediately follow three consecutive misses. Specifically, under GVT’s design target
and null hypothesis, the true expected proportion of makes when a 50% shooter is on a hit streak
is not .50, but .46. By symmetry, the expected proportion of makes when on a miss streak is .54.
Thus, when taking the difference, one induces a bias of 8 percentage points.36 Further, when one
applies the bias correction to each of the shooters in GVT’s data, who tended to deviate slightly
from the design target, the positive 3 percentage point average hot hand effect reported by the
authors (not statistically significant), becomes a statistically significant 13 percentage point effect
(Miller and Sanjurjo 2015).37
Similarly biased measures were also used in the replications of GVT’s original study: a close
replication of GVT’s controlled shooting study with olympic basketball players (Avugos, Bar-Eli,
Ritov, and Sher 2013), and an analysis of the data from the NBA three point shootout (Koehler
and Conley 2003), which has been referred to as “an ideal situation in which to study the hot hand”
36

In fact, the bias is actually a bit more severe than this, due to an additional selection effect that is driven by the
exclusion of sequences that do not have both: (1) at least one shot that immediately follows a streak of made shots,
and (2) at least one shot that immediately follows a streak of missed shots.
37
To put this number into perspective, the difference between the median three point shooter and the top three point
shooter in the 2015-2016 NBA season was 12 percentage points. Taken from ESPN, “NBA Player 3-Point Shooting
Statistics - 2015-16.” http://www.espn.com/nba/statistics/player/ /stat/3-points [accessed September 24, 2016].
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(Thaler and Sunstein 2008). As in the case of the re-analysis of the Gilovich et al. (1985) data, in
contrast with the original results, a bias-corrected analysis reveals significant and substantial hot
hand shooting in both datasets (Miller and Sanjurjo 2015).

5.2

Clustering and segregation
“Patterns, though, can be deceptive, and it is useful to have some measures of segregation
or concentration or clustering or sorting. One possible measure is the average proportion
of neighbors of like or opposite color.” (Schelling 1971)

While the hot hand selection bias and the coin flip puzzles pertain to time series data, in
Section 4 we have noted that the time component is not central to the bias. Instead, the key is that
the selection criteria is based on the outcomes of consecutive, i.e. spatially adjacent, flips. This in
turn suggests the possibility of a more general spatial selection bias if we were to extend the setting
to multiple dimensions.
Consider an n×n grid of cells, each populated with the outcome of a fair coin flip. Now, suppose
that we are interested in the probability that a cell is a heads, given that all of its neighbors are
heads. An intuitive way to estimate this probability would be to select the subset of all cells that
are surrounded by heads cells, and then calculate the proportion of heads among these. However,
this estimate will be biased downward due to a mechanism that is essentially identical to the spatial
bias that emerges in the one-dimensional setting of the Streak Reversal Paradox (Problem 7).
That this measure of the similarity of a cell to its neighbors is biased suggests the possibility
of such a bias appearing in studies of homophily in location preferences, e.g. racial segregation.
Indeed, although it has no bearing on the validity of the main results, Schelling (1971, p. 156)
briefly considers a similar biased measure of segregation. Specifically, Schelling writes:
If we count neighbors of like color and opposite color for each of the 138 randomly
distributed stars and zeros in Figure 7, we find that zeros on the average have 53% of
their neighbors of the same color, stars 46%. (The percentages can differ because stars
and zeros can have different numbers of blank neighboring spaces.)
To illustrate the issue with this measure in a simpler way, that is similar to our discussion of
the Streak Reversal Paradox (Problem 7), let the zeros and stars be arranged linearly (1-D) in
19

consecutive cells, with no blank cells in between them. Further, let each cell be a zero, or star, with
equal chances. Now, consider the proportion of zeros for which both neighbors are also zeros. Here
it is easy to see that in choosing any zero cell at random there are, on average, comparatively fewer
cells that could have been chosen in the case that at least one neighbor is a star, i.e. the choice
is more restricted, which means that the given cell is relatively more likely to have been chosen in
this case. This means that the posterior odds make it relatively less likely that both neighbors are
zeros, i.e. the proportion of zeros that are flanked on both sides by zeros is expected to be less than
.25. This in turn implies that because the zeros and stars are distributed at random, and a zero
is selected at random, the average proportion of neighbors that are also zero is expected to be less
than 50%. More generally, the extent to which the magnitude of the bias is empirically relevant
will depend on the definition of a cluster and the size of the grid under consideration.

5.3

Berkson’s Paradox
“. . . the outcomes of two independent coins are rendered dependent by the testimony that
at least one of them is a tail.” (Pearl 2009a)

Berkson’s bias (aka Berkson’s paradox) is a classic form of selection bias that was introduced
with a hypothetical example of two diseases that, while not associated in the general population, surprisingly become negatively associated in the population of hospitalized patients (Berkson
1946).38 Berkson’s bias can be illustrated with the following simple example:
Problem 8 (Berkson’s Paradox) Suppose that a randomly selected high school student has a 50
percent chance of having good SAT scores, along with a 50 percent chance of having good grades,
and that the attributes are independent. Further, suppose that every student with at least one good
attribute applies to university, and highlights his/her single best attribute in the application. If an
applicant highlights good grades, then what is the probability that the applicant has good SAT scores?
(Adapted from Pearl [2009b]).
Assuming that an applicant highlights an attribute at random (uniformily) in the case that both
attributes are good, this problem is identical to the Younger Boy-or-Girl Paradox (Problem 3).39
38
39

Berkson’s bias is also known as the admission rate bias (Sackett 1979)
It is also identical to a two coin version of the Next Flip Paradox (Problem 5).
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The reason why is that each attribute is good, or not good, with a 50-50 chance, just as each child
is a boy, or not a boy, with a 50-50 chance. As a result, an applicant who has good grades and
poor SAT scores is twice as restricted to highlight good grades, as compared to an applicant with
both good grades and good SAT scores. Thus, as prior odds are even, the principle of restricted
choice leads to posterior odds of 2:1 in favor of the applicant having good grades and poor SAT
scores, i.e. given good grades, the probability that the applicant has poor SAT scores is 2/3.
While it remains true that, among the applicants with good grades, half of them also have
good SAT scores, this subgroup constitutes just 1/3 of the applicant pool. The remaining 2/3 of
the applicants, on the other hand, have just one good attribute. This implies that there will be a
negative correlation between attributes in the applicant pool, despite the correlation in the general
population being zero.40
It is not difficult to imagine how this phenomenon can lead the casual observer to hold fallacious
beliefs. For example, a student (or professor) who spends enough time in a university environment
may come to incorrectly believe that those attributes that are associated with good grades (e.g.
diligence), are in general inversely related to those attributes associated with good SAT scores (e.g.
brilliance). This mistake is analogous to a gambler holding the belief that streaks are more likely
to end rather continue, because in his personal experience this is, in fact, representative of a typical
night at the casino (see Streak Reversal Paradox [Problem 7] and Gambler’s Verity [Problem 9]).41
Casual encounters with biased experiential samples is not the only way that people can develop,
or maintain, fallacious beliefs. To illustrate, it was recently proposed that empirical work documenting an (internally valid) negative correlation between conscientiousness and cognitive ability
may instead merely be reporting a statistical artifact that is driven by a selection bias identical
to Berkson’s Paradox (Murray, Johnson, McGue, and Iacono 2014). Further, it is not difficult to
imagine that a similar bias may be present in experiments in which performance on behavioral
tasks that involve cognitive ability is correlated with a personality measure such as conscientious40

The sign of the correlation in the admitted population is negative due to the fact that
P(good SATs|good grades, admitted) − P(good SATs|admitted) = 1/2 − 2/3 < 0, which is directly proportional to the correlation. On the other hand, if one were to consider an analogous problem in which
there are more than two attributes, and admission requires multiple positive (coin flip) attributes, although
P(good SATs|good grades, admitted) > 1/2 the correlation between attributes in the admitted population will
remain negative. This can be shown with a restricted choice argument analogous to the one presented here (see
Miller and Sanjurjo [2017].)
41
See Miller and Sanjurjo (2016) for a discussion on the connection between the Streak Reversal Paradox and the
Gambler’s Fallacy.
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ness. Finally, because experimental subjects may be further selected on attributes such as budget
constraints, and/or intellectual curiosity, one can similarly imagine the discovery of appealing new
correlations, which are nevertheless spurious—e.g. a negative correlation between measures of
intellectual curiosity and greedy/selfish behavior in experimental tasks.42

5.4

A Hypothetical Case: Gambler’s Verity and Psi research
The probability of winning is inversely proportional to the amount of the wager.
(Las Vegas proverb)

We show how the same bias that underlies the Alternation Paradox from Section 4 can be used
to generate a novel puzzle in which a rule for predicting i.i.d. outcomes can appear to outperform
chance rates. In particular, this can happen if a researcher is unaware of the implicit selection bias
that the rule generates.
Problem 9 (Gambler’s Verity) Imagine a roulette wheel in which half of the slots are red, and
half are black (for simplicity). Jill will observe exactly 3 spins of the wheel, and has committed
to the following betting strategy: whenever observing a red (R) bet black (B) on the next spin;
otherwise, do not bet. Do you expect Jill to win as many bets as she loses?
Because Jill’s betting strategy will restrict her to betting on the second flip, the third, or both,
there are three possible outcomes: she will win on none of her bets, half of them, or all of them.
While intuition suggests that she is expected to win on half of her bets, this is incorrect, as it
overlooks the fact that the three outcomes are not equally likely. To see this, we can simply
enumerate the sample space, as follows: if the sequence is BBB or BBR Jill will not bet; otherwise,
for the remaining six equally likely sequences, she will bet. Now, given that Jill bets, she has a
3/6 = 1/2 probability of winning all of her bets (RBR,RBB,BRB), a 1/6 probability of winning half
of them (RRB), and a 2/6 = 1/3 probability of losing all of them (BRR,RRR). As a result, Jill is



expected to win more bets than she loses, with an expected win rate of 12 × 1 + 16 × 12 + 31 × 0 =
0.58. In fact, her high success rate immediately follows from the solution to the Alternation
Paradox, which we solved using the same restricted choice thinking as in our solution to the Monty
Hall problem (Problem 4). That is, Jill’s expected win rate is equivalent to the statement that
42

See Miller and Sanjurjo (2017) for more on Berkson’s Paradox.
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for a randomly selected flip that is immediately preceded by a heads, the probability of a tails (an
alternation) is 1 − 5/12 = 0.58.
Finally, given that Jill’s probability of walking away ahead is higher than her probability of
walking away behind, it would appear that she has discovered a strategy with which she can expect
to win money. However, this is not true. The reason why accords with the Las Vegas proverb
above: her probability of walking out ahead is inversely proportional to the total amount wagered
(the number of bets). In particular, relative to the high probability sequences in which she walks
away ahead, in the low probability sequences in which she walks away behind she wagers 50 percent
more and her absolute (negative) profit is 50 percent greater.43 As a result, given fair odds, Jill is
expected to break even.
A misguided (hypothetical) ESP experiment
It is straightforward to illustrate how The Gambler’s Verity problem could have implications for
social science research. In particualar, consider the hypothetical case of the Amazing Geller, an
ESP master who claims to have a scientifically validated method to train people in precognition.
In order to validate his method, he devises a test to prove that his students can successfully predict
the outcomes of coin flips.
While Geller admits that he cannot train his students to predict every coin flip perfectly,
he asserts that his method renders some coin flips predictable. For the test, Geller submits his
students to a team of objective third party researchers. The experiment is simple: for each student,
a researcher will flip a coin 100 times, and the student will predict only on flips in which the student
senses the ensuing outcome. According to Geller, not all of his trainees have the ability to learn
how to predict, so he requests that the researchers merely count how many of his students predict
at better than chance rates.
The researchers follow his instructions, and find that of the 1000 students tested, 490 students
predict at a rate better than chance, 395 at a rate worse than chance, and 115 students predict at
the rate of chance. Thus, the odds are found to be substantially in favor of a student predicting
43

Specifically, conditional on walking away ahead, the sequences RBR, RBB and BRB are equally likely, and in each
sequence Jill wagers once and wins once. On the other hand, conditional on walking away behind, while the sequences
BRR and RRR are also equally likely, for the sequence BRR Jill wagers once and loses, but for the sequence RRR
she wagers twice and loses twice. As a result, when Jill walks away behind (1/3 probability) she is expected to wager
1.5 times with a net payoff of −1.5, whereas when she walks away ahead (1/2 probability) she is expected to wager
1 time with a net payoff of 1.
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at better-than-chance rates, relative to worse-than-chance rates. Further, the average student is
observed to have a 54 percent success rate on his/her predictions.
Upon finding these results to be highly significant, the researchers are mystified, and left with
no choice but to conclude that Geller must indeed have amazing abilities.
What the researchers fail to realize is that these results can easily occur in the absence of
precognition. In fact, this outcome is close to what would be expected if Geller were to have
instructed his students to simply predict a tails whenever the previous three flips are heads. That
this is true immediately follows from the fact that Geller’s students are predicting a streak reversal
(tails) in a setting that is quantitatively identical to the Streak Reversal Paradox.

6

Conclusion

The principle of restricted choice is far more than an ad-hoc intuition, only useful for understanding
inference in contract bridge and the Monty Hall problem. Because it is naturally quantified as
the updating factor in the odds form of Bayes’ rule, it provides a unified, intuitive, and simple
approach to solving all of the classic conditional probability puzzles. Moreover, restricted choice
thinking can be used to identify novel biases in important empirical settings, so can potentially help
future researchers avoid making certain intuitively appealing, but critical, errors when designing
experiments, analyzing data, and interpreting results.
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A

Appendix: Odds vs. Probability

To see the advantages of representing uncertainty in terms of odds rather than probabilities, first
imagine comparing the two posterior probabilities P(M1 |c) and P(M2 |c), where the former is given
by

P(c|M1 )
P(c) P(M1 )

and the latter by

P(c|M2 )
P(c) P(M2 ).

Notice that in both cases, to compute the usual

P(c|Mi )
P(c) ,

one must either somehow know P(c), or be able to compute it using the
P
law of total probability over all possible models i = 1, 2, 3, ..., n, i.e. P(c) = ni=1 P(c|Mi )P(Mi ).44
updating factor

Of course, in the odds form, the P(c) term vanishes.45
Next, for a concrete illustration of how the odds representation of uncertainty makes Bayesian
updating less complex, and reduces avoidable calculation errors, consider the sequential witness
version of Kahneman and Tversky (1972)’s taxi problem introduced by Chamley (2004, pp.19–21).
In the problem, the prior probability of an encountered cab being red is .1, and the probability of
correctly identifying the cab color is .8. First, a witness reports the cab being red, which makes
the odds in favor of the red cab rise from 1:9 to 4:9, as the witness is R = .8/.2 = 4 times more
restricted to report red when the cab is in fact red (vs. when it is yellow). Thus, this information
makes the probability that the cab is red rise from 1/10 to 4/13 < 1/2. Then, when a second
witness also reports the cab being red the odds in favor of the red cab rise again, by a factor of
four, from 4:9 to 16:9. Thus, the posterior probability becomes 16/25, rather than the incorrect
value of 16/29 that is reported in Chamley (2004, p.21, footnote 3) after a more extended series of
calculations.
Finally, when the number of candidate models is greater than two, but not too numerous, a
decision maker who wants to choose the most probable model can achieve this by simply performing multiple binary comparisons, each of which is naturally operationalized by inspecting the
odds. A psychological advantage of binary comparisons is that probability often shares features
in common with other psychophysical quantities in that the relative, rather than absolute, judgement of numerical probability is a more reliable (and natural) measure of the subjective belief in
44

This expansion suggests an alternative representation of the updating factor for P(M1 ). In particular P(M1 |c) =
P
P(c|Mi )
1
P(M1 ) where EM [RM :M1 (c)] = n
i=1 P(c|M1 ) P(Mi ), i.e. the prior probability of M1 , re-scaled by how
EM [RM :M (c)]
1

restricted the average model is to “choose” c (relative to model M1 ).
45
When P(c) is known, the updating factor for probabilities is intuitive. For example, in the Monty Hall Problem
(Problem 4) with the contestants initial pick of door 3, Monty’s ex ante probability of choosing door 1 to open satisfies
P(c = 1) = 1/2, whereas conditional on door 2 concealing a car M2 , Monty’s probability satisfies P(c = 1|M2 ) = 1.
This implies that the posterior probability P(M2 |c = 1) must be twice the prior, i.e. the probability doubles from
1/3 to 2/3.
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the probability ranking of two (or more) models (O’Hagan, Buck, Daneshkhah, Eiser, Garthwaite,
Jenkinson, Oakley, and Rakow 2006).46

B

Appendix: Modified Monty Hall and the Free Choice Paradigm

We provide a further illustration of the empirical relevance of the Monty Hall problem by using
a modified version of it to explain an important error discovered by Chen (2008) in a common
experimental design used to test for cognitive dissonance. While restricted choice does not provide
additional insight to this error, the error’s similarity in structure to the Monty Hall problem is
worthy of discussion.47
Problem 10 (Modified Monty Hall: The Car, the Goat, and the Bicycle) Suppose you’re
on a game show, and you’re given the choice of three doors: Behind one door is a car; behind another is a goat; behind another is a bicycle. The host asks which prizes you prefer; you say that
you prefer the car over the bicycle, and the bicycle over the goat (and, of course, the car over the
goat). You pick a door, say number 3, and the host, who is 100 percent honest, and knows what’s
behind the doors, tells you that you prefer door 2 over door 1. He then says to you, “Do you want
to pick door number 2?” Is it to your advantage to switch your choice?
In this version of the Monty Hall problem, the contestant learns from Monty that door number
2 is the better of the two unchosen doors, whereas nothing has been learned about door number
3. Given this, the intuitive answer is to switch—which happens to also be correct. To see why, if
door number 1 is worse than 2, then this means that there remain three possible arrangements for
the first and second doors, respectively: Goat-car, Bike-car, and Goat-bike. Thus, the host’s choice
is equally restricted across the remaining arrangements, so the relative odds do not change. As a
result, the key to solving the problem is the enumeration of the sample space, and the elimination
of impossible arrangements. That is, for the case in which Monty tells the contestant that the
46

One potential limitation of representing uncertainty with odds is that while 2:1 odds are substantially larger than 1:1
odds, this is arguably not salient in the representation. On the other hand, the difference can be made more salient
by scaling up the number of chances for each event, e.g. 20:10 vs. 10:10.
47
The error that Chen (2008) discovered instead arises from incorrect assumptions about the sample space. In particular,
as in the discussion of the classic Boy-or-Girl Paradox, and Leibniz’s error (Footnote 13), the most difficult part of
solving the associated Monty Hall problem (Problem 10) are the subtleties involved with enumerating the sample
space, as there is no updating of the odds for the remaining possibilities.
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inferior prize behind doors 1 and 2 is behind door 1, this immediately eliminates the arrangements:
Car-goat, Car-bike, and Bike-goat. As a result, the remaining arrangements (in which Monty must
choose door 1) are infinitely more restricted with regards to the choice of door 1, than in the
eliminated arrangements (in which Monty will never choose door 1). Finally, given the elimination
of these three possibilities, and the unchanged 1:1 relative odds on the remaining three possibilities,
there is a 2/3 chance that the car is behind door number 2.
The Modified Monty Hall problem turns out to be related to a method for measuring cognitive
dissonance, called the free choice paradigm. In one version of the paradigm, the researcher starts
with three items that s/he has reason to believe the subject is indifferent betweeen; say A, B, and
C. Then the researcher selects two of these items at random, and offers them to the subject, who
must choose one. Now, suppose that A and B are selected by the researcher, and that the subject
chooses A over B. Next, the researcher pairs the unchosen alternative B with alternative C. Finally,
the subject must choose between B and C. In this type of experiment, what researchers typically
find is that C is chosen significantly more often than B. Under the assumption that the experiment
was designed perfectly, the result is perhaps surprising. That is, given that subjects began the
experiment indifferent between A, B, and C, it would appear that the rejection of B, at random, in
the first round choice then made B less desirable in the second round choice.
On the other hand, if subjects are not indifferent, but instead have preferences between the
items (however slight), and these preferences are revealed by their choices, then the result is not
surprising. To see why, when subjects are presented with any two items, then they are restricted
to choose the item that they prefer most. This is analogous to Monty revealing that door 2 has the
better prize than door 1, above. Now, if Monty were to have instead offered the door with the less
preferred prize (door 1), then there would have been a 2/3 chance that it yielded the goat—the
worst option. In this case, staying with door 3 would have been the correct choice. Now, in the case
of the experiment, upon observing that the subject prefers A to B, there is similarly a 2/3 chance
that B is the worst option. To see this, notice that for A to be chosen over B, the rank of (A, B),
respectively, must be (1, 2), (2, 3), or (1, 3), so there is a 2/3 chance that the subject ranks B as the
least desirable item. As a result, the subject should be expected to choose C over B not 1/2, but
2/3 of the time. In sum, by designing an experiment in which the subject’s unchosen round one
item is offered along with new alternative C in the second round choice, a bias is created in which
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C is made more likely to be chosen than B.48

48

This is not the only variant of the free choice paradigm. The one presented here is related to Egan, Santos, and
Bloom (2007), as discussed in Chen (2008). Also see Chen and Risen (2010).
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